This paper presents a hybrid analytical modeling (HAM) method, which integrates a mesh-based magnetic equivalent circuit model with the Fourier modeling approach. This HAM is capable of correctly predicting the electromagnetic field distributions for various 2-D geometries. The generalized approach of the presented hybrid modeling concept makes the modeling technique applicable to a wide range of electromagnetic devices. By only meshing the parts of the domain in the vicinity of the high-permeable materials, the increase in computational effort is limited compared with the sole use of Fourier modeling. The proposed HAM method predicts the force in the geometry with ≥97[%] accuracy with respect to finite-element analysis.
I. INTRODUCTION E
LECTROMAGNETIC field modeling is a crucial step in the design process of electromagnetic devices. A very extensive magnetic field modeling is necessary to achieve an optimal design. A lot of research and development is conducted in methods to predict the magnetic field distribution inside electromagnetic structures. In particular, during the design of an electromagnetic device, the computational efforts should be low to enable a broad exploratory investigation of the design space. Therefore, the numerical methods (such as finite-element analysis (FEA) [1] ) are less convenient, and if possible the reduction from a 3-D geometry to a 2-D model is made. Analytical or semianalytical modeling methods are less time consuming than the numerical methods, however, usually the accuracy that can be obtained with these methods is lower. During the design, the accuracy of the magnetic field calculations is less important, which makes the semianalytical modeling methods a suitable way to predict the magnetic field. In the literature, many semianalytical methods are discussed, including the following: 1) magnetic equivalent circuit (MEC) modeling [2] , [3] ; 2) (surface) charge modeling (CM) [4] - [7] ; 3) Fourier modeling [8] - [11] . For applications, where the flux paths are largely predefined by the high-permeable materials, the MEC modeling is usually the appropriate choice. This predefined path enables the usage of flux tubes to simplify the geometry, and therewith, enables the calculation of the magnetic field. To apply the MEC modeling to more complex geometries, the modeling can be extended with the tooth contour method [12] or a conformal mapping technique [13] . The extension enables the calculation of the nonarbitrary couplings between, for instance, the stator and the rotor.
For unbounded problems, where no coils and no high-permeable material are present, the surface CM is one of the preferable options. The surface CM is extended by applying images [14] , [15] or by including the secondary magnetic field [16] to mimic the high-permeable materials in the vicinity.
Geometries with repeating geometrical patterns are a typical example for a spatial harmonic description, such as Fourier modeling. Using the Fourier modeling, the different materials are incorporated as regions, where in each region, a Fourier-based expression for the magnetic field is used. However, this definition is limited to regions, and therefore materials, of equal width (in the periodic direction). Extending the Fourier modeling with mode matching, regions (i.e., material blocks) with a different width can be incorporated [9] , [17] . Unfortunately, an additional physically nonexisting boundary is necessary to obtain a solution. Furthermore, in situations where small features are important, the number of harmonics can be limited due to 0018 -9464 © 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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the high fundamental spatial frequency, while a large number of harmonics is required to achieve sufficient accuracy. This paper proposes a semianalytical modeling method capable of incorporating high-permeable materials with small features (such as saliency, tooth tips, slot shapes, and small slots), while the presence of both coils and magnets is possible. The hybrid analytical modeling (HAM) method discussed in this paper combines Fourier modeling with a mesh-based MEC model. The Fourier modeling is extensively discussed in [9] , while the mesh-based MEC modeling is known from [18] - [20] . The combination of a mesh-based MEC modeling with harmonic modeling methods is proposed in [21] - [24] . While Ouagued et al. [21] , Barakat and Amara [22] , and Laoubi et al. [23] only connect the mesh-based modeling to the harmonic modeling on one side, this paper applies a bidirectional coupling on both sides of the MEC region.
In this paper, the HAM method is described in a generalized manner for 2-D Cartesian situations. First, the focus is on the model formulation before introducing the full modeling methodology and the boundary conditions. Afterward, a validation of the modeling method is performed using a comparison with 2-D finite-element models for two different geometries.
II. MODEL FORMULATION

A. Model Assumptions
To apply the hybrid modeling to a certain situation or geometry, the following assumptions are made.
1) The problem is formulated in 2-D.
2) The problem is time independent (i.e., quasi-static).
3) Periodicity is present in the x-direction. 4) Only homogeneous, isotropic, and linear materials are used. 5) Magnetic field sources (magnets and coils) are homogeneous and invariant in the z-direction. To enable a Fourier-based description of the magnetic field, periodicity is implied, where in this model, the periodic direction is chosen along the x-direction. If no actual periodicity is present, the periodicity should be chosen such that the influence of the adjacent periods on the observed geometry is limited. Choosing a very large period seems ideal for these cases, however, this will directly result in a large number of harmonics required, and therefore, a large computational price.
The semianalytical modeling given in this paper is only valid under the assumption that all materials used are homogeneous, isotropic, and linear. In the initial design of an electromagnetic device, it is sufficient to know the value of the magnetic flux density inside the materials to indicate whether the material might saturate, therefore, the assumed linearity of the materials is not an issue. The influence of the possible nonhomogeneity and anisotropy of the materials is marginal and, therefore, negligible.
The magnetic field sources, i.e., permanent magnets and coils, should be homogeneous in their amplitude and no variations in the z-direction are allowed. The invariancy in the z-direction in the modeling is ensured by a proper division of the geometry in regions, while the homogeneity of the sources is a necessity for the source description in the model. Nonhomogeneity of a source in the x-direction can be incorporated by placing multiple sources with different amplitudes adjacent to each other, i.e., a discrete description of variation in the source. Furthermore, the permanent magnets in the problem are magnetized in the x-direction or the z-direction, while only current sources in the y-direction are included, due to the assumed 2-D description.
B. Electromagnetic Examples
The proposed HAM method is applied on two electromagnetic examples, one concerning shielding and the other showing the capabilities of the modeling method in motor design.
The geometry shown in Fig. 1 consists of a permanent magnet Halbach array, above which a voice-coil actuator, with a permanent magnet, is located. The permanent magnet of the voice-coil actuator experiences an undesired force caused by the electromagnetic fields originating from the Halbach array. To reduce the magnetic field of the permanent magnet array, a magnetic shielding plate is introduced between the permanent magnet array and the voice-coil actuator. Since a solid ferromagnetic shield would give a large reluctance force on the permanent magnet of the voice-coil actuator, a hole in the magnetic shield is located, directly underneath the permanent magnet. Around the hole, the magnetic shield is locally thickened. The dimensions and material parameters for the shielding geometry are given in Table I .
To show the possibilities of the modeling method for the machine design, a multitooth flux-switching permanent magnet linear motor, with double saliency, is modeled. Due to the capability of the proposed modeling method to include small features with a high permeability, the HAM method is suited for analyzing design features, such as tooth tips, slot shapes, and saliency. The chosen multitooth flux-switching permanent magnet linear motor geometry and its dimensions are based on the motor presented in [25] . The geometry is shown in Fig. 2 , while the geometrical and material parameters are specified in Table II . 
C. Division in Regions
Observing the geometries shown in Figs. 1 and 2 , the coordinate system is defined such that the present periodicity is aligned with the x-axis and the invariant direction is chosen in the y-direction. The z-direction is the direction with the changing materials. For the HAM, the geometry should be divided in regions where each region contains only one material and has a width equal to the periodicity. The regions are numbered ascending in the z-direction.
A permanent magnet is incorporated in the modeling as a region containing the magnetic material, while the permanent magnet is represented by a block-shaped magnetization function. Equivalently, the coil bundles are modeled by a region with μ r = 1 [−] and a block-shaped current density function (see Region 6 in Fig. 3 ).
In general, in the HAM, all high-permeable materials (μ r 10) that do not have a width equal to the periodicity are modeled using an MEC region. Inside this MEC region, all materials (high permeable, but also air) and sources are meshed. Therefore, in the geometry of Fig. 1 , the magnetic shield with its thickened parts is modeled using the mesh-based MEC modeling.
For the geometry in Fig. 2 , the Stator teeth are modeled as an MEC region, while the full mover is modeled as another MEC region. The obtained MEC regions have a width equal to the periodicity, while the mesh inside the MEC regions is chosen such that the material changes are incorporated.
The resulting division in regions for the shielding geometry is given in Fig. 3 , where Region 4 is the MEC region. For the multitooth motor, Regions 3 and 5 are MEC regions, as shown in Fig. 4 , where the division in regions is shown. Throughout this paper, a general definition of the regions is used, where i is an arbitrary Fourier region, while m is used for the MEC region.
D. Definition of MEC Element
As previously indicated, inside the MEC region, a mesh-based discretization is used. The MEC region is meshed in the x-direction with rectangular elements. Even though the meshing in both the x-direction and the z-direction can be nonuniform, in the used formulation, all elements in the z-direction with a certain x-coordinate will have an equal width in the x-direction and vice versa. The meshing of the MEC region is performed such that the material boundaries of the geometry are coinciding with the edges of the MEC elements. The number of MEC elements inside the MEC region can be increased for a more accurate solution. Due to the possibility of a nonuniform mesh size, local increase of mesh density is possible. However, in the used formulation, a local increase of the mesh in the x-direction will be visible throughout the full z-direction of the MEC region as shown in Fig. 5 (where the numbering of the mesh elements is indicated as well).
With the described meshing method, the resulting MEC elements will contain only one material (i.e., iron, air or magnet). In each MEC element, a potential node is defined in its geometrical center. From this potential node toward all four sides of the MEC element, a magnetic reluctance is present. In both the positive and the negative x-direction, a reluctance is assumed, which covers half of the width of the MEC element. While the reluctances in the positive and negative z-direction each cover half of the height of the MEC element. The reluctances used are calculated according to MEC-element k in the x y-plane and yz-plane, respectively. Due to the assumption of a 2-D geometry, a unity size of an MEC element in the y-direction is chosen.
The reluctances in each MEC element are shown in Fig. 6 , where the thick (red) solid-line rectangle indicates the actual mesh element, and the red point gives the potential node. Furthermore, the solid, dashed, dotted, and dashed-dotted lines illustrate the flux tubes corresponding with the reluctance elements.
With the reluctances, the center node is coupled to the adjacent MEC elements on the top, bottom, left, and right to complete the MEC region. The periodicity inside the MEC region is considered by assuming that the last element in the x-direction is adjacent to the first element in the x-direction and vice versa.
III. MODELING METHODOLOGY
A. Fourier Modeling Description
To solve the magnetostatic field distribution in a region, the magnetic flux density, B, can be written in terms of the magnetic vector potential, A, as explained in [9] . By assuming a 2-D geometry with the invariancy in the y-direction, where the magnetization is only possible in the x-direction and z-direction and is independent of z, and where only a current density in the y-direction exists, a second-order differential equation is obtained as
where μ r is the relative permeability of the material in the region, J y is the current density in the y-direction, and M z is the residual magnetization in the z-direction.
In each region, the solution for A i y , where i is an arbitrary region with a Fourier description, is chosen such that the Poisson equation (3) is fulfilled while concerning the periodicity in the x-direction. The chosen general solution for A y is given by
where N is the total number of harmonics considered, and
where q is the dc term in the magnetization in the x-direction, which will occur in the boundary description of the tangential magnetic field strength (later on), and ω i n is n times the fundamental spatial frequency ω 0 , which is determined from the periodicity according to
where x p is the width of the periodicity.
With the given definition of the magnetic vector potential, the magnetic flux density description can be derived according to
The magnetic flux density inside an arbitrary Fourier region is given by
where B 
B. Source Term Description
In the magnetic flux density description, the magnetization and current density terms are derived as a Fourier description. In general, a permanent magnet will be replaced by a rectangular-shaped magnetization function. Equivalently, a rectangular-shaped current density function is assumed. These magnetization and current density functions are described as
Except for M x0 , all dc terms can be neglected, since only M x0 is required in the Fourier description. The sine and cosine terms of the magnetization in the x-direction are not directly visible in the magnetic flux density description, however, these terms are used in the boundary conditions.
According to the general Fourier theory [9] , the source
, J ysn , and J ycn ), when considering the rectangular-shaped definition of the source curves, are given by
where s i x is a counter through the magnets magnetized in the x-direction in region i , and x 0 and x 1 are the x-coordinate of the left and right sides of the magnet, respectively, and wherê M s i x x is the amplitude of the magnetization of this magnet. Equivalently, the source terms for M z and J y are found.
A permanent magnet for which the magnetization is not aligned with either the x-direction or the z-direction is modeled by superimposing a magnet magnetized in the x-direction, and a magnet magnetized in the z-direction. The strength of these magnets is obtained using the vector projection on the axis of the original magnetization.
C. MEC Modeling Description
The harmonic modeling method described above is limited to describing situations where the high-permeable material spans the full period of the model. The inclusion of small high-permeable features (such as tooth tips, slot shapes, and small slots) is not directly possible. Therefore, the mesh-based MEC modeling technique is applied to model the high-permeable features that are smaller than the period of the Fourier model.
As previously indicated, inside each MEC element a potential-node is defined. With the magnetic equivalence of Kirchhoff's current law, the magnetic scalar potential distribution in the center nodes of the MEC elements in the MEC region is found. The magnetic equivalence of Kirchhoff's current law applied to MEC-element k (shown in Fig. 7) gives
where ϕ is the magnetic flux in a branch, calculated according to (27) where ψ k is the magnetic scalar potential at the center node of MEC-element k, and L is the number of MEC elements in a layer of the MEC region (i.e., all elements in the MEC region with an equal z-coordinate). Therefore, MEC-element k + L is directly on the top of element k.
To include the periodicity in the MEC layer, for the far left and far right MEC elements, their adjacent MEC elements in the x-direction are replaced according to
where q = 0, 1, . . . , K /L − 1, and K is the total number of MEC elements in the region. The top and bottom layer of the MEC region are linked to the Fourier regions that are adjacent at the top or bottom. From the MEC region, the Fourier regions are considered to be a flux source, therefore, these sources are coupled, as shown in Fig. 8 . The amplitude of the flux sources is calculated by 
where B zsn and B zcn are given by (15) and (16) 
IV. BOUNDARY CONDITIONS Inside each Fourier and MEC region, the description of the magnetic field is now defined. To apply the Maxwell's equations throughout the whole domain, these equations should hold on the boundaries between the regions as well. Applying Maxwell's equations to the boundary results in the continuity of both the magnetic flux density normal to the boundary and the magnetic field strength, H , tangential with the boundary, at the z-coordinate of this boundary (z = h b ). Therefore, the boundary conditions are given by
Using the constitutive relation, B = μ 0 μ r H + μ 0 M 0 , with M 0 the residual magnetization, (33) becomes μ i+1
A. Boundary Conditions Between Fourier Regions
When both regions i and i + 1 are Fourier regions, the continuity of the normal magnetic flux density and the tangential magnetic field strength is included by means of the separation of variables. Since both regions i and i + 1 have an equal width of the periodicity, their fundamental frequencies are equal. This implies that a separation of the sine and cosine functions is valid, and therefore, for every harmonic n, (32) is given by
The tangential magnetic field boundary condition (34) for every harmonic n is given by
With these equations, 4N boundary equations are obtained to solve, together with the other boundary conditions, the 4N unknowns inside a Fourier region (i.e., q n , r n , s n , and t n ).
B. Boundary Conditions Between Fourier and MEC Region
The continuity of the normal magnetic flux density and the tangential magnetic field strength should hold on the boundary between a Fourier region and an MEC region as well. Since the magnetic flux density in the z-direction is used as a flux source in the MEC elements connected to the bottom and top layer of the MEC region, the continuity of the normal magnetic flux density is already covered.
To ensure the continuity of the tangential magnetic field strength, (34) is rewritten for the MEC region, given by
where k is the MEC element for the observed x-coordinate, and m − 1 is the Fourier region underneath the MEC region. The magnetic flux density in the x-direction for MEC-element k is found by dividing the average flux in the x-direction by its cross-sectional area
where ϕ x− and ϕ x+ are given in (24) and (25), respectively. Substituting the general expression (11) for the magnetic flux density in the x-direction for a Fourier region, the tangential magnetic field boundary condition, which should hold for all MEC elements at the boundary, is given by (13) and (14) with assuming that z = h b , the z-coordinate of the boundary between the MEC region and the Fourier region.
Inside the MEC region, the distribution of the tangential magnetic flux density is a staircase-shaped function, due to the constant magnetic flux density assumed inside the MEC elements. This staircase-shaped function is described as a Fourier series. Due to the separation of the sine and cosine terms, the tangential magnetic field equations are given by 
where the summation over all L elements in the bottom layer of the MEC region is performed. By taking the average magnetic flux in MEC-element k, the magnetic scalar potential of three different MEC elements (i.e., MEC-element k and its adjacent elements in the x-direction) is used in each term of the summation. Since the summation is cyclic over the bottom layer [see (28) and (29)], the equations can be rewritten toward 
For the continuity of the tangential magnetic field at the top of the MEC region, (44) and (45) are used for MEC-elements K − L + 1 ≤ k ≤ K and for the Fourier quantities of region m + 1.
C. Noncontinuous Boundary Conditions
In addition to the continuous boundaries, other boundary conditions are applicable as well. For a region, which has one of its boundaries at z = ±∞, the magnetic field will vanish toward the boundary. For a Fourier region, this boundary condition is given by
Since no sources can exist, which have an infinite size, the results from boundary condition derived from B x and B z become equal. The boundary conditions are, therefore, given by
Substituting (13) and (14), this is simplified to
where I shows the last region of the geometry.
Inside an MEC region, the same kind of boundary condition can hold if it is assumed that no magnetic field can escape the MEC region at one of the sides (i.e., the magnetic field is tangential with the boundary). For these situations, the flux in the z-direction on one of the boundary interfaces is assumed to be zero, therefore, this boundary condition is implemented by assuming that the flux toward this boundary is zero or, equivalently, the reluctance (in the z-direction) toward this boundary is infinite, given by
Finally, the condition that the magnetic field is fully perpendicular to the boundary is concerned. This boundary condition is equivalent with assuming that the material located on the other side of the boundary has an infinite permeability. This means that the magnetic flux density parallel to the boundary interface, B x , is zero, therefore, the following boundary equation is used:
where h b is the z-coordinate of the boundary plane. For a Fourier region, (54) can directly be implemented by
For an MEC region, the boundary condition of (54) is mimicked by assuming that the reluctances in the x-direction inside the layer of MEC elements that are the closest to the boundary interface are infinite, as given by
where the boundary elements k are denoted by
Due to implying an infinite x-reluctance throughout the full layer of MEC elements that are the closest to the boundary, no magnetic flux in the x-direction is assumed in this layer of MEC elements. Therefore, to increase the accuracy of the solution, the size in the z-direction of the elements adjacent to the boundary should be taken small.
V. CALCULATING THE COEFFICIENTS
All boundary conditions are known, therefore, the unknown coefficients are solvable. For each Fourier region, 4N a priori unknown coefficients are used (i.e., q n , r n , s n , and t n ). Furthermore, both at the top and bottom of each Fourier region, N equations concerning the sine terms and N equations concerning the cosine terms are obtained, independent of the type of boundary conditions used, as shown in Table III . While for the MEC region, there are K unknown coefficients (i.e., ψ k ), for which K independent equations are given [based on Kirchhoff's current law (23) ].
To solve all unknowns, the boundary conditions and coefficients are collected in one matrix equation, given by ⎡
. . .
where E are the sine and cosine equations of the boundary conditions of the Fourier region (according to Table III) with trailing and/or leading zeros to ensure the connection to the correct coefficients, Y are the terms in the boundary conditions that are not dependent on the unknown coefficients (i.e., the source terms), Q = [ q n , r n , s n , r n ] T represents the column vector with Fourier unknowns, and is a column vector with the magnetic potential inside all MEC elements. Furthermore, the subscripts b and t represent the bottom and top of the region, while E MEC is given by (44) and (45), and E kcl is given by (23) , and where I indicates the last region considered.
Before solving this set of matrix equations, the coefficients that are directly found by a boundary condition [i.e., (50) and (51)] should be removed from the set of equations, together with the corresponding boundary conditions. Afterward, the matrix equation (60) is solved using a lower-upper-decomposition, and all the (a priori) unknown coefficients are found.
VI. FORCE CALCULATION
With all coefficients defined, the magnetic flux density throughout the whole domain is known, therefore, for calculation of the force on a part of the geometry, the Maxwell stress tensor is applied. By defining the integration domain as a closed box around the part of the domain for which the force desired (including air), an accurate calculation of the force is obtained with a numerical integration. As derived in [26] , the force density per unit depth on a 2-D geometry is given by
where C b , C l , C t , and C r are the bottom, left, top, and right edges of the integration domain, respectively.
VII. MODEL VALIDATION
The proposed HAM method is validated using 2-D FEA models for the shielding and multitooth motor geometry given in Figs. 1 and 2 , respectively. The 2-D FEA models are implemented in FLUX2D [27] and are densely meshed, while the periodicity, and all material properties and geometrical parameters are equal to the implemented hybrid analytical models.
For the shielding geometry, shown in Fig. 1 , the magnitude of the magnetic flux density obtained with the HAM is shown in Fig. 9(a) . As it is visible, a smooth magnetic flux density pattern is obtained with the proposed hybrid method. In Fig. 9(b) , the difference between the FEA results and the HAM results is shown as |B| = |B FEA | − |B HAM |. In the regions, where the permanent magnets are located, the harmonic description of the permanent magnets is clearly visible (i.e., the Gibbs phenomenon [28] ). For the permanent magnet of the voice coil, a deviation is visible that is extending further in the x-direction than inside the magnet array. Furthermore, some deviations are shown inside the MEC region. These deviations are mainly due to the discretization of the MEC-region, where the magnetic flux density contains discrete steps instead of the desired smooth pattern.
A more thorough comparison between the results obtained, with FEA and the hybrid analytical model, for the shielding geometry is given in Fig. 10 , where the magnetic flux density on a path in the middle of the shield (z = 30.5 [mm]) is shown.
Observing B x and B z , the HAM closely matches the FEA results. However, the differences, shown in Fig. 10(c) , clearly reveal the deviations. For the magnetic flux density in the x-direction, a discretization noise is visible, the amplitude of the noise increases with the derivative of B x . Furthermore, for both B x and B z , there are deviations visible around the edges of the shield (at x = 36 [mm] and x = 50 [mm]). The remaining large differences are located around the edges of the thickening of the shield. For a numerical comparison, the force per unit depth in the x-direction and z-direction on the permanent magnet of the voice-coil actuator obtained from FEA and HAM is given in Table IV . In addition to the calculated force, the difference in force between the FEA and the HAM is given, where
. For the multitooth motor geometry, shown in Fig. 2 , the absolute value of the magnetic flux density obtained with HAM is shown in Fig. 11(a) . Again, a rather smooth magnetic flux density pattern is obtained with the proposed hybrid method. In Fig. 11(b) , the difference between the FEA results and the HAM results is shown as |B| = |B FEA | − |B HAM |. In addition to the edges of the high-permeable material, only small deviations are visible.
A more thorough comparison between the finite element and hybrid analytical results for the multitooth motor is given in Fig. 12 , where the magnetic flux density in the center of the air gap (z = 17.75 [mm]) is shown.
The HAM is visually similar with the FEA results when observing the B x and B z . The difference between the FEA and the HAM, shown in Fig. 12(c) , clearly shows a deviation between the models. Most of these deviations, for both B x and B z , occur around the edges of the teeth of either the stator or the mover. Note that it is well known that an accurate prediction of the magnetic flux density obtained with FEA is not ensured around the edges of a material.
For a numerical comparison, the force per unit depth on the mover in the x-direction and z-direction calculated from FEA and HAM is given in Table IV . In addition to The simulation parameters for the HAM are given in Table V . For the MEC regions, the number of mesh elements is: "number of mesh elements in x" × "number of mesh elements in z". The simulation time includes meshing, solving and calculation of the B-field and force.
VIII. DISCUSSION
In Section VII, it has been shown that the magnetic flux density distribution found with the proposed hybrid 2-D model with respect to 2-D FEA gives accurate results. In the proposed HAM method, the benefits of two analytical modeling methods are combined, i.e., Fourier modeling and mesh-based MEC modeling. Both analytical modeling methods have some drawbacks, which have been highlighted in Section VII.
The differences in the predicted magnetic flux density inside the regions with a permanent magnet clearly reveals the harmonic description (i.e., Gibbs phenomenon). The deviations occurring are due to the description of a rectangular-shaped magnetization function with a number of harmonics. A more noticeable difference is visible in Region 6 when compared with Region 2 in Fig. 9(b) . The deviations between the models extends further in the x-direction in Region 6 due to the assumption of a full region with one single permeability. In the HAM, the full region has the permeability of the permanent magnet, while the FEA only uses this permeability inside the permanent magnet itself.
Since the HAM method uses a mesh-based MEC approach, the mesh density is an important factor in the HAM. As especially visible in Fig. 10(c) , the meshing of the MEC region results in an discretization error. The discretization noise is caused by the fact that the coordinates, on which the magnetic flux density is extracted from the HAM, are not the points on which the magnetic scalar potential is calculated during solving. The mesh-based MEC modeling assumes an equal magnetic flux density inside each of the flux tubes shown in Fig. 6 , therefore, the most accurate result is obtained in the potential node. Between two potential nodes, the magnetic flux density is assumed constant, which results in a staircaseshaped flux density. To reduce this discretization error, the number of MEC elements inside the MEC region could be increased.
Another deviation caused by the discretization is visible around the edges of the materials, clearly shown in Fig. 11(b) . On the edges of the materials, the magnetic permeability will change rapidly. Due to the calculation of the magnetic flux according to (24) - (27) , the changing permeability will be visible between the two potential nodes located around the material edge. By decreasing the size of the MEC elements around the edges of the materials, the deviation of the magnetic flux density around these edges is decreased.
Only linear materials are assumed in the shown formulation, which results in the very large magnetic flux density occurring inside the magnetic shield of Fig. 9(a) . These magnetic flux density values will most definitely cause saturation inside the magnetic shield. Saturation effects are not included in the modeling; however, based on an iterative process, the magnetic permeability of the materials inside the MEC layer can be changed. Therefore, local saturation effects can be included in the MEC region of the HAM, while only global saturation effects can be included in most other analytical modeling methods.
As previously indicated, the accuracy of the magnetic flux density results increases when the number of harmonics considered is increased. However, due to the large difference in values in the E-matrix (60), which are caused by the positive and negative exponential values in the Fourier modeling, singularity in the matrix might occur. This singularity limits the number of harmonics, since the harmonic number n is used in the exponential terms.
An increase in the number of MEC elements gives a more accurate solution, however, increasing the mesh density, in equality with FEA, will result in a larger computational effort. From a computational point of view, the proposed HAM is less computationally intensive with respect to FEA, especially since only a part of the domain is meshed. A large additional reduction of the computational efforts is possible in the HAM, since the current implementation is not optimized for calculation time. For both the FEA and the HAM, a tradeoff should be made between the desired mesh density and the resulting calculation times. However, since the HAM only meshes the regions with changing material properties, the air gap of a motor is not meshed, while especially in the air gap of a machine, a high mesh density in FEA is required for an accurate result.
A significant reduction in calculation time of the magnetic field and force is possible for certain variations. Since all source terms (i.e., the magnetization and current density terms) are collected in the Y tot -matrix, the variations of the source amplitude and a movement of the source in the x-direction are included by only recalculating Y tot . A movement of a source in the z-direction or movement of (and movement within) the MEC region requires recalculation of the full system of linear equations.
The proposed modeling method is not only suited for geometries in Cartesian coordinate systems. With the adaption of the harmonic description according to [9] , polar and cylindrical coordinate systems are possible as well.
IX. CONCLUSION
The principle of combining Fourier modeling with mesh-based MEC modeling is demonstrated on two electromagnetic examples. It is shown that the HAM technique can be applied to any geometry where a periodicity is present or can be assumed in Cartesian coordinate systems. With the inclusion of the mesh-based MEC modeling, the possibilities and applicability of the modeling for geometries with small features of high-permeable material, such as saliency, tooth shoes, and slot shapes, is increased. Since HAM describes the air-gap region of a machine by means of a Fourier series, it requires a less dense meshing compared with FEA.
For the electromagnetic example structures, shown in this paper, excellent agreement is obtained with respect to FEA, which proves the applicability of this modeling method for a wide class of electromagnetic devices. For the forces calculated with the hybrid analytical model, <3 [%] deviation with respect to FEA is obtained.
